In December 2000, the United Nations AIDS Programme (UNAIDS) and the World Health Organization (WHO) Report on the Global HIV/AIDS Epidemic 1 gave an estimate of 36.1 million people living with human immunodeficiency virus (HIV) worldwide, of which 390 000 live in the Caribbean region. Given the large number of HIV infections in the region (2.3% adult prevalence rate), it is remarkable that Cuba, with a population of 11 million, has had only 3230 cases of HIV-seropositivity by the end of 2000. Prominent among the many reasons for the low prevalence is the National Programme on HIV/AIDS established by the Cuban government in 1983. 2, 3 Initially the programme consisted mainly of testing blood donations and a hospital surveillance system to detect AIDS-related illness. The first HIV-seropositives were detected at the end of 1985. In 1986, when the first AIDS case was diagnosed, an HIV screening programme was initiated for travellers to countries with reported cases of HIV infection. The programme was systematically expanded to include various groups such as patients with sexually transmitted diseases (STD), pregnant women, and hospital patients. Roughly 23 million tests were performed between April 1986 and December 2000 and those with confirmed HIVseropositivity were treated and placed in controversial sanatorium facilities (see, e.g. refs. 2,4). The sanatorium programme was designed to reduce the probability of transmission by HIV-positive individuals and has gone through several phases. Currently, after their initial admission to a sanatorium, most HIV-infected residents are permitted to return voluntarily to their communities following an evaluation and treatment period.
Another important aspect of the Cuban national AIDS programme is the 'Partner Notification Programme' (PNP) based on contact tracing and screening of the sexual partners of 9 which uses an empirical Bayes approach to estimate the number HIV-infected people in a hidden, hard-to-count population without any knowledge of the population size. The method was employed in a preliminary study of recent trends in HIV infections in Cuba. 10 Here we use this method to estimate the known and unknown numbers of HIV-positives in Cuba infected via sexual contact. We will make use of HIV seroprevalence data from the PNP from 1991 to 2000. In contrast to Hsieh et al., 9 we have additional information in the Cuban data set, i.e. the total number of known individuals in the HIV-infected population at each sampling time. We will employ this additional knowledge in our priors to improve our estimates.
The paper is organized as follows. We briefly describe the data and the statistical method used. We then give the results of our estimates, followed by concluding remarks and comments. Statistical details are given in the Appendix.
Data and Methods

Cuban partner notification HIV seroprevalence data
Ever since the emergence of the global HIV pandemic, contact tracing has been debated as a control measure for HIV/AIDS. 11, 12 In Cuba, the PNP traces the sexual contacts of known HIVseropositives. 2, 3, 4, 7, 8 The programme is carried out by Epidemiology Departments at all levels of the Cuban health system. Following partner notification, sexual contacts are interviewed, then tested for HIV every 3 months for a period of one year after the last sexual contact with an HIV-positive person. They are observed as long they remain in contact. We wish to estimate the number of HIV-positives, infected through sexual contact, by using the HIV seroprevalence data of the PNP. For our purpose the data were treated statistically as if they were a random sample of all sexually active individuals in Cuba, although clearly the method of their ascertainment inevitably introduced some selection bias.
One of the main focuses of this study is to obtain an estimate for the number of unknown HIV-positives in the sexually active population in recent years who have not developed AIDS. Table 1 gives the accumulated yearly number of known HIVpositives living in Cuba at the end of each year from 1991 to 2000. Table 2 is the seroprevalence data from 1991 to 2000 with number of contacts tested, number of HIV-positives detected, and the percentage of positive tests for each year listed.
A recent study gives an estimate of the incubation period for HIV-infected Cubans at roughly 9 years. 8 Consequently, most of those HIV-positives who were infected in or before 1990 have already developed AIDS by 2000. Therefore we choose to use only the prevalence data from 1991 to 2000. Note the number of known HIV-positives includes all modes of transmission. Also note the sharp increase starting 1996 in all three sets of numbers. The increase is caused by the large numbers of homosexual and bisexual HIV-positives detected since 1996. These people tend to be more sexually active and have a larger number of sexual contacts. Subsequently more of their contacts have been traced and tested positive since 1996.
Methods
The 'generalized removal model for open populations' 9 proposed recently allows only recruitment (of new HIV-infected individuals) and deaths (removal of HIV-infected individuals due to development of AIDS) to occur during the sampling. In this paper, where the number to be estimated is the yearly number of HIV-infected individuals within the sexually active population in Cuba, there is no recapture of those HIV-positive individuals detected in previous samplings since it is reasonable to assume that those tested positive will not be tested again. Hence the removal model is the appropriate choice of model to work with. In each sample, a number of subjects (in our case, those with recent contact with known HIV-positives) are selected for testing. Moreover, the sample-taking would exclude anyone who has already developed AIDS symptoms, hence the estimate we obtain is the number of HIV-infected individuals who have not developed AIDS. It does not hinder public health assessment of the AIDS scenario because the size of population with AIDS symptoms can be easily counted from clinical records.
Since it is not possible to obtain a valid estimate of the HIVinfected population using maximum likelihood estimation, we propose a Bayesian estimation procedure. Bayesian inference of a population size for various models has been proposed in the literature (e.g. refs [13] [14] [15] . The detailed derivation of the model is given in Hseih et al. 9 Differing from Hseih et al., there is extra information in this data set for Cuba. Namely, we know the total number, R j of known subjects in the HIV population infected by sexual contact (i.e. 90% of the known number of HIV-positives) just before time t j . Intuitively, we must have N j у R j ; i.e. the number of HIV-infected subjects known to the health authority cannot exceed the number of all HIV-infected subjects. We will make use of this additional knowledge in our priors. Using this extra information our posterior estimates could provide more reasonable approximations.
Statistical details of the method are given in the Appendix. An empirical Bayes analysis of the model is implemented using the Gibbs sampler, a Markov chain Monte Carlo (MCMC) method. Detailed discussions can be found in Casella and George. 16 The Bayes estimates are based on Monte Carlo samples from the Gibbs sampler run of 6000 iterations after 2000 burn-in, and selecting every 5th sampled value.
Results
We are interested in estimating the number of the HIV-positives infected sexually in Cuba during the years 1991 to 2000 using the annual HIV seroprevalence data of the PNP during the same period (as given in Table 2 ). In the framework of the generalized removal model, we let the sexually active population in Cuba be the hidden and hard-to-count population in question. Since the fraction of sexually active males is more than three times that of the females, 5 this population group consists mostly of males aged 15-49, both heterosexual and homo-bisexual, which account for 90% of all HIV-positives in Cuba. Arazoza et al. 7 gave a mean estimate of the HIV incubation time, i.e. the time from HIV infection to symptomatic AIDS (when patients usually die within a year) of HIV-positives in Cuba of 9.2 years (SD 0.273, median 8.42 years, 95% CI : 7.5-8.83). For our work, we defined the yearly survival rate φ for HIV-infected individuals (i.e. the mean probability that an infected individual will not develop AIDS during the 12 months between samples) as 93%. A yearly survival rate of 93% implies that the survival rate after 9.5 years is approximately 50% (0.93 9.55 = 0.5), resulting in a median survival time of approximately 9.5 years. For a detailed discussion on the choice of constant survival rate, see Hseih et al. 9 For the yearly number of known HIV-positives by sexual contact R j , we use the yearly number of known HIVpositives in Table 1 , but multiplied by 90% since data have shown that approximately 90% of all HIV-positives in Cuba are infected sexually. 5 Table 3 lists median, mean, standard error, and 95% CI for N j obtained from 2.5% and 97.5% quantiles.
For the purpose of comparing our result with other studies, we consider the following. In Figure 1 , we plot our estimate of the total number of HIV-positives infected by sexual contact using a 93% survival rate with the 95% CI against 90% of the number of known HIV-positives in Table 1 . The estimates are much higher, mainly due to the discrepancy caused by the unknown HIV-positives unaccounted for in the government data. Our result also shows there is consistent increase in the number of sexually infected HIV-positives in Cuba throughout the decade, despite the relatively unchanged number in the known data from 1992 to 1995, and the sharp increase from 1996 to 2000. To further understand our result in the context of public health concerns, we consider the estimate in terms of undetected HIV-positives.
Arazoza et al. 7 used a mathematical model to compute the numbers of known and unknown HIV-positives by sexual contact in Cuba. Here we compute the estimated number of unknown HIV-positives in Cuba by subtracting 90% of the known HIV-positives (which approximates the number of known HIV-positives by sexual contact) from our estimated total number in Table 3 . Estimate I in Table 4 is our estimate of unknown HIV-positives. Estimate II is the estimate by Arazoza et al. 7 Our results show the increase in the number of unknown HIV-positives starts to level off in 1996, resulting in a decrease in number of unknown HIV-positives since 1998. This is consistent with the sharp increase in the number of HIV-positive contacts detected since 1996.
We give the plots of our estimate of unknown HIV-positives and the theoretical estimate from Arazoza et al. 7 in Figure 2 . Contrary to the theoretical estimate of Arazoza et al., 7 our estimate clearly shows that a sharp increase in the number of unknown HIV-positives starting in 1992 was brought under control by the large number of detections from 1996 onwards. Note that this change of trend is not captured by the estimate in Arazoza et al., 7 mainly because the model in Arazoza et al. is a deterministic differential equations model which yields an estimate that is essentially a smooth curve over the time period considered. 
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Discussion and Concluding Remarks
Our results show that, in agreement with the seroprevalence data, there is an increase in the number of HIV-positives in Cuba from 1996 to the present. The increase is consistent with the increase in the first half of the 1990s. Among the many possible underlying causes of the sharp increase in the government data is the fact that many more homosexual/bisexual contacts were traced and subsequently more HIV-positives detected from 1996 onwards. As a consequence, the number of unknown HIV-positives levelled off and has actually decreased since 1998. We wanted to estimate the number of HIV-positives in the sexually (both heterosexual and homo-bisexual) active population. Hence we consider the sexual contacts of known HIV-positives who have been traced as a random sample of the sexually active population since they evidently are sexually active. However, as those traced and tested are known to have had contact with at least one HIV-positive in the past, the capture probability might be higher than it would be in a truly random sample. Consequently, this may result in some overestimation of the true numbers. On the other hand, it is generally unknown whether the contacts are made when the HIV-positive person is already infective, due to variance in infection time and progression of disease. Therefore the actual effect of this uncertainty on the estimate is not clear. In this respect, a possible future research direction is to improve the method by considering the detailed individual contact tracing data of the HIV-positives in Cuba. That would require a much more complicated and difficult model which is beyond our scope.
A full discussion of the advantages as well as the drawbacks and limitations of the generalized removal model is given in Hsieh et al. 9 It suffices to point out the difficulty in obtaining information regarding hidden and elusive populations such as the sexually active population in a society. In practice, the dilemma has proved to be even more challenging in the context of HIV epidemic. This work and Hsieh et al.'s previous paper, 9 in which we estimated the number of HIV-infected people in elusive, hard-to-count population groups, demonstrate the usefulness of the generalized removal model, not just in estimating the HIV-infected population sizes, but any prevalent population size of epidemiological and public health interest. As long as two or more (non-overlapping) random samplings of the prevalence data are obtained, one can use it to make inference of the prevalent population size. 
Statistical details
We consider a sequence of s samples taken from the seroprevalence data of the Partner Notification Programme. Let t j be the time when the jth sample is taken and let B j be the number of HIV-positive individuals newly infected sexually between time t j and time t j+1 . Assume also that all subjects in the HIV-infected population just before time t j who have not been detected in the first j -1 samples have the same capture probabilities P j in the jth sample. We define N j to be the total number of subjects in HIV-infected population just before time t j , and
The likelihood function can be obtained as follows: Suppose that the prior distribution of (N,P) where N = (N 1 ,…N s ) is given by π(N,P) = π(N 1 ,…N s )π(P). This asserts that N and P are a priori independent. We assume that the priors of P j 's are a priori independent and follow a Beta distribution Be(γ 1 ,γ 2 ). In addition, let
where Is j (·) is an indicator function of N j and S j is the set of N j with N j у R j . The assumption on the prior of N in (2) is appropriate since intuitively N j must be larger than R j . Such priors lead to conditional posteriors of the forms:
where N (-j) denotes the vector N with the N j deleted. (N j -M j +1 ) follows a truncated negative binomial with parameters u j + 1 and P j , and max {N j -1 , R j , M j +1 } р N j р N j +1 . Moreover, we know that N 1 у R 1 . Subsequently one can easily implement the Gibbs sampler to generate (N j -M j +1 ) from the truncated negative binomial in Equation (4), and therefore the estimates of N j can be obtained. Since there are AIDS-related deaths during the process, we define the yearly survival rate specific to an HIV-infected individual between the ( j -1)th and jth sample to be φ. The conditional expectations of M j +1 and N j +1 for (j +1)th sample given M j (the number of distinct HIV-infected individuals captured in the first j -1 samples) and N j (the total number of subjects in HIV-infected population just before time t j ), respectively, are E(M j +1 | M j ) = φM j + u j and E(N j +1 | N j ) = φN j + B j .
We assume that the natural death-rate of the sexually active population during this time period is negligible compared to the AIDSrelated death rate since the majority of the subjects in question are aged 15-49 when the natural mortality is low. 
